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2 Brownian motion on the space of univalent functions via BM(Di�(S1))1 Notations and preliminaries1.1 A drop of complex analysis1.1.1 The space of Jordan curvesLet consider
J := {Γ ⊂ C, Γ is a Jordan curve},
J∞ := {Γ ⊂ C, Γ is a C∞ Jordan curve}.Facts :

• Γ ∈ J ←→ ∃ φ : S1 → C continuous and injective s.t. φ(S1) = Γ ;
• Let h ∈ Homeo(S1), then φ and φ ◦ h are parametrizations of the sameJordan curve Γ.Unspoken goal of the sequel : analysis on J1.1.2 Riemann mapping theorem
• Γ splits the complex plane into two domains D+

Γ and D−
Γ :

F
+

Γ

D
+

Γ

D
−

Γ

D

F
−

Γ

• Let D := {z ∈ C, |z| < 1}, the Riemann mapping theorem ensuresthat :
∃ F+ : D→ D+

Γ biholomorphic, unique mod SU(1, 1),
∃ F− : D→ D−

Γ biholomorphic, unique mod SU(1, 1),whereSU(1, 1) := Poincaré group of automorphisms of the disk
' restrictions to S

1 of homographic transformations
z 7→

az + b

b̄z + ā
, |a|2 − |b|2 = 1.



1. Notations and preliminaries 3
• By a theorem of Caratheodory, the maps F± extend to homeomor-phisms :

F+ : D→ D+
Γ , F− : D→ D−

Γ ;

• in particular, F±
|S1 de�ne (canonical) parametrizations of Γ ;

• we have
gΓ := (F−)−1 ◦ F+

|S1 ∈ Homeo(S1) (orientation preserving).1.2 A touch of algebra1.2.1 The Lie group Di�(S1) and its Lie algebraDi�(S1) := the group of C∞, orientation preservingdi�eomorphisms of the circle
diff(S1) := Lie algebra of right invariant vector �elds on Di�(S1)

' C∞ functions on S
1 via the identi�cation

u ∈ C∞(S1, R)←→ vector �eld u d
dθLie bracket given by [u, v]diff(S1) := uv̇ − u̇v

diff0(S
1) :=

{
u ∈ diff(S1),

1

2π

∫

S1

u(θ)dθ = 0

}1.2.2 Central extensions of Di�(S1) and Virasoro algebraThe central extensions of Di�(S1), that is
1 → A → E ? → Di�(S1) → 1, A ⊂ Z(E)or equivalently

0 → a → e ? → diff(S1) → 0,have been classi�ed by Gelfand-Fuchs. They are of the form
Vc,h = R⊕ diff(S1),and are associated to a fundamental cocyle on diff(S1) :

ωc,h(f, g) :=

∫

S1

[(
h−

c

12

)
f ′ −

c

12
f

′′′

]
g dθ,where c, h > 0, via

[ακ + f, βκ + g]Vc,h
:= ω(f, g)κ + [f, g]diff(S1).



4 Brownian motion on the space of univalent functions via BM(Di�(S1))2 Some probabilistic and algebraicmotivations for the introduction ofBrownian motion on Diff(S1)2.1 Brownian motion on some quotient spaces2.1.1 Brownian motion on the space of Jordan curvesTheorem 1 (Beurling-Ahlfors-Letho, ∼ 1970, conformal welding). The ap-plication
J∞ → Di�(S1), Γ 7→ gΓ = (F−)−1 ◦ F+

|S1is surjective and induces a canonical isomorphism :
J∞ −→ SU(1, 1)\Di�(S1)/SU(1, 1).Idea : to construct a Brownian motion on J∞, a �rst step consists in de�ninga Brownian motion on Di�(S1) and pray that the construction passes to thequotient !2.1.2 The space of univalent functionsIn the same spirit, consider

U∞ := {f ∈ C∞(D, C), f univalent s.t. f(0) = 0, f ′(0) = 1}.To f ∈ U∞, one can associate Γ = f(S1) ∈ J∞ :
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Γ = f(S
1)

DThe Riemann mapping theorem provides a biholomorphic mapping hf suchthat
hf : C\D→ D−

Γ , hf (∞) =∞.It is unique up to a rotation of C\D, i.e. up to an element of S1 and extendsto the boundary :
hf : C\D→ D−

Γ , hf (∞) =∞.



2. Some probabilistic and algebraic motivations 5Using this construction, we thus have an application
U∞ → Di�(S1), f 7→ gf := f−1 ◦ hf |S1.Theorem 2 (Kirillov, 1982). The application
U∞ → Di�(S1), f 7→ gf = f−1 ◦ hf |S1induces a canonical isomorphism :

U∞ −→ Di�(S1)/S
1.Idea : as before, the construction of a Brownian motion on U∞ appearsclosely related to the construction of a Brownian motion on Di�(S1)...2.2 Representations of the Virasoro algebraFacts :

• The theory of Segal and Bargmann shows that the in�nite dimensionalHeisenberg group H has a representation :
H → End (L2

hol(H, ν)
)
, u 7→ ρ(u),where H is an Hilbert space and ν a Gaussian measure ;

• a similar Gaussian realization was proved by Frenkel in the case of Loopgroups.Question :Does there exists a spaceM, a measure µ, and a representation of the Vira-soro algebra of the following form ?
Vc,h → End (L2

hol(M, µ)
)
, u 7→ ρ(u).

• Heuristics : M := Di�(S1)/SU(1, 1) is a good candidate. It carries acanonical Kählerian structure, associated to a Kähler potential K suchthat ∂∂̄K = ωc,h ;
• heuristics again : the measure µ should look like :

µ = c0 exp (−K) dvol.
• Idea : realize µ as an invariant measure for a Brownian motion + driftonM, with in�nitesimal generator :

G :=
1

2
∆−∇K∇.Up to technical di�culties, this method works !



6 Brownian motion on the space of univalent functions via BM(Di�(S1))3 Brownian motion on thediffeomorphism group of the circle3.1 Canonical horizontal di�usion3.1.1 The notion of stochastic developmentGiven a di�erentiable structure M, the canonical way to de�ne a brownianmotion onM is to do a stochastic development of a di�usion living on thetangent space TM toM, that is :(i) �rst de�ne a brownian motion on the tangent space TM ;(ii) then �roll it without slipping� from TM toM.di�usion on the tangent space TMdi�usion on the underlying manifold M

Remarks :(i) the notion stochastic development, i.e. �roll without slipping�, impliesa pre-existing metric structure on the manifoldM, i.e. on TM ;(ii) the resulting process onM will inherit from the invariance propertiesof the metric choosen on TM.To de�ne a Brownian motion on Di�(S1), we thus have to :(i) choose a metric structure on Di�(S1) ;(ii) construct a Brownian motion on diff(S1) ;(iii) roll it without slipping on Di�(S1) via the exponential mapping.



3. Brownian motion on Di�(S1) 73.1.2 How to choose a metric on Di�(S1) ?Theorem 3 (Airault, Malliavin, Thalmaier). There exists, up to a multi-plicative constant, a unique Riemannian metric onSU(1, 1)\Di�(S1)/SU(1, 1)which is invariant under the left and right action of SU(1, 1).Theorem 4. There exists a canonical Kähler metric on U∞ ' Di�(S1)/S1,i.e. on diff0(S
1). It is associated to the fundamental cocycle ωc,h de�ning theVirasoro algebra :

||u||2 := ωc,h(u, Ju).Here diff0(S
1) ' {u ∈ C∞(S1),

∫
S1 udθ = 0}, and

u(θ) =
∑+∞

k=1 (ak cos(kθ) + bk sin(kθ)) ,

Ju(θ) :=
∑+∞

k=1 (−ak sin(kθ) + bk cos(kθ)) ,

ωc,h(u, Ju) =
∑+∞

k=1 α2
k (a2

k + b2
k) , α2

k :=
(
hk + c

12
(k3 − k)

)
.

• The metric ||.|| is invariant under the adjoint action of S1 ;
• the sequence αk grows like k3/2, thus

(
diff0(S

1), ||.||
)
' H3/2(S1) ;

• an orthonormal system for (diff0(S
1), ||.||) is, for k ≥ 1 :

e2k−1(θ) :=
cos(kθ)

αk
, e2k(θ) :=

sin(kθ)

αk
.3.1.3 Brownian motion on diff(S1)De�nition I.1 � The Brownian motion on diff(S1) (with H3/2 structure)is the solution of the following Stratonovitch SDE

dZt(θ) =
∑

k≥1

(
e2k−1(θ) ◦ dXk

t + e2k(θ) ◦ dY k
t

)
,where Xk, Y k, k ≥ 1 are independant, real valued, standard Brownian mo-tions.Remark : almost surely, the above series converges uniformly on [0, T ]× S1.



8 Brownian motion on the space of univalent functions via BM(Di�(S1))

• The stochastic development of the di�usion Zt on diff(S1) to a Brownianmotion gt on Di�(S1) writes formally :
(?) dgt = (◦dZt) gt, g0 = Id,in other words

dgt =
∑

k≥1

(
e2k−1(gt) ◦ dXk

t + e2k(gt) ◦ dY k
t

)
, g0 = Id.

• Problem : the classical Kunita's theory of stochastic �ow works witha regularity H3/2+ε for any ε > 0, but not in the critical case H3/2.3.2 Construction via regularization3.2.1 Regularized Brownian motion on diff(S1)Malliavin's approach of the problem is to regularize the horizontal di�usion,i.e. consider the following SDE for 0 < r < 1 :
(?)r





dZr
t (θ) =

∑
k≥1 rk

(
e2k−1(θ) ◦ dXk

t + e2k(θ) ◦ dY k
t

)
,

dgr
t = (◦dZr

t ) gr
t , gr

0 = Id.Theorem 5 (Airault, Malliavin, Thalmaier). For any 0 < r < 1, the equa-tion (?)r admits a unique solution t 7→ gr
t ∈ Di�(S1). The limit gt(θ) :=

limr→1 gr
t (θ) exists uniformly in θ and de�nes a solution of (?).The limit gt ∈ Homeo(S1) only !3.3 An alternative pointwise approach3.3.1 The pointwise approach by S. FangFang's approach of the problem is to consider the following approximatingSDE's, for n ≥ 1 :
(?)n





dZn
t (θ) =

∑n
k=1

(
e2k−1(θ) ◦ dXk

t + e2k(θ) ◦ dY k
t

)
,

dgn
t = (◦dZn

t ) gn
t , gn

0 = Id.Theorem 6 (Fang). For any n ≥ 1, the equation (?)n admits a uniquesolution t 7→ gn
t ∈ Di�(S1). For θ given, the limit gn(θ) := limn→+∞ gn

t (θ)exists uniformly in [0, T ] and de�nes a solution of equation (?).



4. Brownian motion on U∞ 9Theorem 7 (Fang). There exists a version of gt such that, almost surely,
gt ∈ Homeo(S1) for all t. Moreover, there exists c0 > 0 such that

|gt(θ)− gt(θ
′)| ≤ Ct|θ − θ′|e

−c0t

.In other words, the mappings gt are δt-Hölderian homeomorphisms with δtgoing to zero when t→ +∞.Morality : Brownian motion on Di�(S1) with its H3/2 metric structure mustbe realized in the bigger space Homeo(S1).4 Brownian motion on the space ofunivalent functionsOur goal : construct a Brownian motion on U∞, the space of univalentfunctions, starting from the Brownian motion on Di�(S1).The two main steps :(i) starting from the Brownian motion on diff(S1), use the Beurling-Ahlforsextension to construct a stochastic �ow of di�eomorphisms of the unitdisk ;(ii) use stochastic conformal welding to get a Brownian motion on the spaceof univalent functions.The classical theory of conformal welding is well developed for di�eomorhismsof the circle that have a quasi-conformal extension to the unit disk. The classof di�eomorphisms preserving the point at in�nity and admitting a quasi-conformal extension to the half-plane is caracterized by the quasi-symmetryproperty :
sup

θ,θ′∈S1

h(θ + θ′)− h(θ′)

h(θ)− h(θ − θ′)
<∞.

Theorem 8 (Airault, Malliavin, Thalmaier). Almost surely, the Brownianmotion gt on Di�(S1) does not satisfy the above quasi-symmetry property.



10 Brownian motion on the space of univalent functions via BM(Di�(S1))4.1 Beurling-Ahlfors extension4.1.1 Beurling-Ahlfors extension
• Smooth vector �elds on the circle are of the form u(θ)d/dθ where u ∈

C∞(S1) ' C∞
2π(R).

• Given u ∈ C∞(S1), Beurling-Ahlfors extension provides a vector �eld
U on H := {ζ = x + iy ∈ C, y > 0} via :

U(ζ) = U(x + iy) :=

∫
u(x− sy)K(s)ds− 6i

∫
u(x− sy)sK(s)ds,where

K(s) := (1− |s|) 1[−1,1](s).In Fourier series, if u(x) =
∑+∞

n=−∞ cne
inx, then

U(ζ) = U(x + iy) =
+∞∑

n=−∞

cn

(
K̂(ny) + 6K̂ ′(ny)

)
einx,where

K̂(ξ) =

(
sin(ξ/2)

ξ/2

)2

.Consider the chart ζ 7→ z = exp(iζ), denote log−(a) := max{0,− log(a)},and de�ne
Ũ(z) := izU(ζ)

:= iz

(
+∞∑

n=−∞

cn

(
K̂(n log−(|z|)) + 6K̂ ′(n log−(|z|))

)
einx

)
.Proposition 1. Given u ∈ L2(S1), the vector �eld Ũ vanishes at the origin

z = 0 an is C1 in the unit disk D.4.1.2 From the circle to the diskWe now apply the preceding machinery to the stochastic �ow (ut)t≥0 on
diff(S1). The complex version of ut simply writes :

ut(θ) :=
∑

n∈Z\{0}

en(θ)Xn
t ,



4. Brownian motion on U∞ 11where




en(θ) :=
einθ

α|n|

, with α2
|n| =

(
h|n|+

c

12
(|n|3 − |n|)

)
,

Xn
t , n 6= 0, are independant Brownian motions.

• We thus obtain a �ow Ũt of C1 vector �elds on the unit disk D, vanishingat zero :
Ũt(z) := iz



∑

n∈Z\{0}

(
K̂(n log−(|z|)) + 6K̂ ′(n log−(|z|))

)
en(x)Xn

t


.

• At this stage, it is possible (rhymes with technical) to control thecovariance of the resulting process, i.e. to control the expectations
E[Ũt(z)Ũt(z

′)], E[∂̄Ũt(z)∂̄Ũt(z
′)]...4.1.3 Stochastic development againIt is then possible to integrate the development equation :

(?̃) dΨ̃t =
(
◦dŨt

)
Ψ̃t, Ψ̃0 = Id.Theorem 9 (Airault, Malliavin, Thalmaier). The equation (?̃) de�nes aunique stochastic �ow Ψ̃t of C1, orientation preserving, di�eomorphisms ofthe unit disk D. Moreover,

lim
ρ→1

Ψ̃t

(
ρeiθ

)
= gt(θ) uniformly in θ,where gt is the solution of (?).The resulting process Ψ̃t e�ectively extends the Brownian motion on Di�(S1)to the unit disk D.4.2 Stochastic conformal weldingThe idea here is to factorize the �ow Ψ̃t via conformal welding to obtaina di�usion taking values in the space of univalent functions. However, inreason of theorem 8, the stochastic conformal welding can not be performedin a brutal way. The good idea is to stay away from the boundary of D, andperform the conformal welding strictly inside the unit disk :(i) factorize the di�usion Ψ̃t in a disk of radius ρ < 1 ;(ii) investigate the limit of each factor when ρ goes to 1.



12 Brownian motion on the space of univalent functions via BM(Di�(S1))4.2.1 Stochastic Beltrami equationFor 0 < ρ < 1, let Dρ := ρD and
νρ

t (z) :=





∂̄Ψt

∂Ψt

(z) if z ∈ Dρ,

0 otherwise.Now let F ρ
t be a solution of the following Beltrami equation, de�ned on thewhole complex place C :

∂̄F ρ
t

∂F ρ
t

(z) = νρ
t (z).We normalize the solution by the conditions

∂zF
ρ
t (z)− 1 ∈ L

p, F ρ
t (0) = 0.Theorem 10. Let Ψ̃t the solution of equation (?̃), i.e. the extension of gt inthe unit disk. De�ne

f ρ
t (z) := F ρ

t ◦ (Ψ̃t)
−1(z), z ∈ Ψ̃t(Dρ),

gρ
t (z) := F ρ

t (z), z /∈ Ψ̃t(Dρ).Then
f ρ

t is holomorphic and univalent on Ψ̃t(Dρ),

gρ
t is holomorphic and univalent on (

Ψ̃t(Dρ)
)c

,and
(f ρ

t )−1 ◦ gρ
t (z) = Ψ̃t(z), z ∈ ∂Dρ.4.2.2 Brownian motion on U∞As announced, we now look at the limit of f ρ

t when ρ goes to 1.Theorem 11. For each 0 < r < 1, the limit
φt(z) := lim

ρ→1
f ρ

texists uniformly in z ∈ Dr and de�nes a univalent function φt in D.It is known that if a sequence of univalent functions converges on compactsubsets of D to a non constant function φ, then φ is univalent in D. On thecontrary, univalence on the boundary needs an extra assumption :
(H) φ is continuous and injective on D.



Theorem 12. Suppose that the function φt satis�es (H), then there existsa function ht univalent outside the unit disk D such that :
(φt)

−1 ◦ ht

(
eiθ
)

= gt

(
eiθ
)
,where gt is the solution of (?), i.e. the Brownian motion on Di�(S1).In other words, the Brownian motion on Di�(S1) can e�ectively be factorizedto get a Brownian motion on U∞, the space of univalent functions.4.3 Some properties of the resulting process4.3.1 Area of the random domainIs it possible to obtain quantitative informations on the shape of the imageof the unit disk by the mapping φt ?

D . . .

t

?φt(D)

Theorem 13. Let Aρ
t be the area of F ρ

t (Dρ). Then, there exist constants c1,
c2, c3, independent of ρ < 1 such that

P

(
sup

t∈[0,T ]

log(Aρ
t )− c1T > c2 + R

)
≤ exp

(
−c3

R2

T

)Letting ρ go to one, we thus get :Theorem 14. Let At be the area of φt(D). Then, there exist constants c1,
c2, c3 such that

P

(
sup

t∈[0,T ]

log(At)− c1T > c2 + R

)
≤ exp

(
−c3

R2

T

)4.3.2 Back to the Brownian motion on Jordan curvesTheorem 15. Let φt be the stochastic �ow of univalent functions de�nedin theorem 11. Then t 7→ φt(S
1) de�nes a Markov process with values in J ,the space of Jordan curves.
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